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SUMMARY

The rma error in the source bearing estimates was observed to in-
crease with decreasing signal—to—noise ratio (SNR), when the model
order (p) approached the number of array elements (N 31), and when
the source of interest was not well separated from adjacent sources.
Typical rms errors observed for isolated sources (for p Nf3) ranged
from 0.02 AID at a signal—to—noise ratio (SNR) of 17 db to 0.5 AID at
—9 dB. The statistical variability and number of spurious peaks in the
array response were observed to increase rapidly as p approached N. At
an SNR of less than 0 dB the array response, even when averaged over 50
independent data sets, indicated numerous spurious sources when the
model order was large. The equivalent number of degrees of freedom (df)
of the array response, estimated as twice the square of the average
divided by the variance of the response, were calculated and compared
with df — N/p as conjectured by Parzen (1970) and demonstrated (asymp-
totically) by Kromer (1969). Parzen’s conjecture was consistent with
the observed results for p << N, but was found to be very optimistic
at high model orders. It was also found that the spatial response to an
individual point source increases in width in the presence of nearby tar-
gets as veil as with decreasing signal—to—noise ratio; and while the
spatial response to a single point source is typically much narrower for
maximum entropy processing, the minimum angular separation required for
the resolution of adjacent sources is only slightly less (roughly a fac-
tor of one—half) than that of a conventional beamformer even at high
signal—to—noise ratios.
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MOTIVATION

• Consider the problem of estimating the bearing and strength of asingle point source using a linear array where the source may eitherbe actively generating its own signal or reflecting a transmitted wave-form. Assuming the source and receiver are separated sufficiently topermit approximating the received signal as a plane wave, the fieldsin the vicinity of the array may be written as

— p (t—~.~) (1)
where — v/1v12 , V is the velocity vector of the plane wave, and xspecifies the field point. Further, if the signal is assumed to benerrowband, then

— — —i (w0 .i—~~t)e(x,t) — w(t—co.x)e (2)

—1w a.x
where v(t— )e “

_ is the complex envelope of the waveform observedat the field point x. The array geometry is shown In Figure 1. Assuming• the linear array consists of N elements spaced ~.x apart and lies alongthe x axis of the coordinate system with the origin at one end, then the• output of the nth element is

z0(t) - s(n& x,t)

—i2irk n~xx iw tv(t — nAx a ) e  e a (3)
where x is a unit vector along the x—axis,

k w a
• x o x  A

• is the ~ component of the vector wave number , 0 is the angle between thedi;ection of propagation, and the x axis, A is the wavelength , and a
~ 

—• a.x — a sin (0) is the x component of the inverse velocity vector.
Equation (3) may be approximated as

—i2wk nAx 1w t
z (t) w(t) e e (4)

(Text Continued on Page 3)
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If the’ t rans it t I me . i -  ross t lie ’ .I r r~i V I s StUd I cOtipa red o lit’ t I me’ * 
*var tat ion of the s I gna 1 enve lope; . e. , t be I nyc ’ r se ’ o t t be S i ~~ILI I b.iiid—

width. Ft mi l i v  , t he ’ c .1 r r it ’ r t e’ I1U In I q iI.i t I on ( -
~ ma v he removed 1w

c o h e ren t ly  det e c t  l u g  .~ U~ t o  o b t a i n
II

— I . ’ k

~ ( t  ) ~ w (t )i
. .

• i -i

— * Al 1 1 the I ti l t ) rm.tt I on re I evzint to  I h~’ 50)1 rce S I reng t Ii dud bt’;i r I flc~
i S t ’Ofl t d tn t’d in t lie’ .

~~
‘ ( t ) and t lie ’ I r r ’  Id t I Vt d c l  av I I m&~s ~ T)1~. above’

equa t ion End te’.i t e’S I hat • t tndc ’ r t h~’ asstt mp t I otis in iele • t ltt~ I I e I ds measured
along a I ine’ar a r r ay  at t i m e ’ t v.irv s in isoI~l.i l Iv IS a t unct ion of x w i t h
f r e q uen cy  k~ c ~~ t e s / u n i t  ~l i s !  n ice ’ . K n o w l e d g e ’ t and . .i re su I I j c t e n t
to dete rmine the eli rec t ion of prop .tt~.i I ion in a non l I spers ye med [urn when
the ve loc i ty  of . i l l  poss ibl~ p lane waVe s are required to lie in the xv
plane since tn.tv be’ oh t a [ned t rorn t lie d ispe rs ion  re I at ion

( ) .~) .

k + k~~ 
:. ( t~~x V

where c is the VCl0e~ its ’  01 propagat Ion. Thus , est imating the bearini~ t o
a s ingle point ta rge t is nothing more than c ’s! ima t ion of  the f requency
of the  var  ta t  ion .iI emg the array I t Is cv I dent from t • he discussion
above that the’ problem is s imp lv one of spec t r,~ I es t imat  ion - The cOflV ef l—
t tonal approach to th i s  prob lem is beamf ormi ng which f o r  the narrowband
case reduces to  ca lculat  ion of the Iii ~ c r e ’t e  Four icr Transform of the
array element  out puts dt .1 part icu lar time . The search fo r  high spat  i.i l
resolution qu i te  nat u ra II v leads to a I gor it bins de ’ve ’ I oped for high reso-
lution spectrum ana lys i s .

In an act I ye’ sonar svs t  en) the ’ coherent lv det cc ted .t r ray outputs  are
a superpos it tori of te rms of the form g i~~en in Equat ion ~~~ 1 • where w ( t ~
is an appropriate lv del  .ive’d vers ion of the’ t ransm it t  e’d si gna l cove lope .

• The principa l problem is to reso l ve  Scat t  ering cente rs  ly in g  at roughly
the same range (more prec ise lv in the same r an ge  cc’ I 1 where’ a range cell
is one—half the vel oct  t v o propagat I on t lines the invers~ of the t rans—
mit ted signal bandwidth) s ine’e sc at t e r log cent ers lv lug at d i f fe r i ng
ranges may be el 1st ingu ished in the t line domain.

• In a passive system the problem is to re so lve  sources em i t t  lug
• s ignals wh i cli ovc c I . tp in t ime . It is import ant to imp rove ’ t he

( 1 )  
. N .  F I — Beherv anti R. It. Mac Phi e 1 .‘!a x i u —  : ~~ a rs t- I nut i ~ o

SourL~t ’ Pa r ,tmet ~~~~~~ ~~ ~ ~~~~~~ : I  ::t ~~~~~ , ‘t  .i : z • ’.i .1 ~~~ .1

At’oust . Soc . Am. t~~. ~~~ 
t .~’— l ~ (1~

)7 ~).
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s t  gna l— t  o tio i se (S~ R) .15 tuuc  li as poss lb Ic ’ by c ohei- t ’ ,~ I hit c’grat Ion p r i o r
to spectr al (bear ing ) e ’ S t  itisit Ion .Is t h~ t i .i~~lmctm t i l t  ropv me ’th~ d is qui te ’
sensit ive t e )  flO tSe ’ . lii c it l it ’r ~~.lSe t lie’ api)ropr t a t e ’ ~o it~~rt’iit m t  egr;it Ion
t ime’s are l im i te d  iii t lie’ Ic ’! i Vt ’ c .lsc b\ t r- iiism i t t  e’d s j ~~I I I  1 handw I cit ii , and
iii the pass i Vt ’ case ’ by t lie ’ I re ’que ’nc v - ib i i i t  v I lie’ sou r e - I n many
caSes it is possib le ’ t o  improve the ’ e ’ S t  im,it es s t i l l I u r t h c ’r by av er a g i n g
the r e s u l t  s of  BILl I t  i

~
) i t  I tide ’peiid~ t t  t e’hSe ’ t~ V.1 t ionS obt .1 1 ned h~ app ropr late ’I v

samp l i ng  the coliere’n t I ~ d et cc t e d  j r  ray out puts.  H is shou 1.1 be used
whenever p o s s i b l e .

Ili~ p r i n c i pa l  i n t e r e s t  was i i i  .ic t i ye hi gh reso I ut ion sonar systems
for t he purpose ’ of 1 oc a l l  i t i ’~ .1 li d re ’so Iv i rig I i Sc ret e’ t I  rge ’t S wiie re on lv
a s ingle  obse rva t i on  of t lie’ co lie’re’nt Iv eld ’t c c !  e’d .1 rr.iv Out pt tt  S W~~S av a i l -
able .  In t h i s  r epo r t  maximum cut ropv P r o c c 5 S  i Ii~~ .15 .1 rie ’ , I t )S  of locat lug
and r e s o l v i n g  point sources  l) .ISe ’cI on a ~ ~~UL~ Ic ’ L itiLe’ Sami) I e l~ohservat ton)
of the array out  p u t s  w i l l  he’ I t i V e St  I gat e’d . P~~ 1 . e i I~ of the maximum
ent ropv method w i l l  be d i scu sse ’d oti iv  hr i~’f i v  in the t o  I l o w i n g  se ’c t ion
since these’ a I~e’ read i lv i oun d iii t h e ’ 1 1 t era Li t re ,  Ilie pr i tic i pa I reset 1 t s
of t his study .lre’ prese ’nte ’d in t he S l~Il l.A1l~)N :\~~I) Ri- S t ’ l . IS  S e c t  ion.
This sect  ion b~’~ ins w i t h  .i d j ‘im~~ ion ol t lie’ cli~’ ice of m~ d e )  order , and
i ts  rt’ 1 at ion to t lie’ s t ,j  t I st i ca I st  ali i l i t  \ ~ f t lie ’ a rr,iv response . iii Is
is fo l lowed by .i ~l iscuss ion of  t he c ’f f~’~~ts  o! SNR and mo le’ I order on (1
erro rs  in bear ing e’ St  i n ). l t  lou , ( _

~ 
‘I the w i t h  Ii of the ar ray response to

individual sn i  re e ’S • and ( i ) t be’ ni in imuni  se’pa r.i t ion requ I red for reso—
I Ut  ion of eq ti .ul in I I t tide po I nt source’s. I~it~’ui POSSI  b i c  our re’su I t s are
compared w i t  ii t ho~ c t c the r re searc hers . IIi~’ report col ic ’ 1 Lide ’S w i t  ii a
summary of the’ princ ip i l f indin~ s.

‘lAX IMI JM I I N I R O P Y  SITC ’I RAI . AN .\LYS IS

• ihe ma x imum etit ropy Spe’ct ral .in.t lvs is t c ’cliniqiie was f i r s t  proposed
by .1. P. Burg in 19n7 as a means o I acit l evi  rig lii gh reso) c it ion  spee’tra l
est imates~ ~ This ipproic l i  was I ate’r r e c ’o~~I1 I :~cd to  b~’ ident ical to

• . auto— reg ress i ye’ spe’c t r.i I ana I vs is • 1 1 n ca r  preel i c t 1 V c’ deconvol ut ion
f i l t e r i n g ,  and a ll p° Ic mod e 1 1 ne~ o I the’ spec t rum ’ - Fhi e ’ cut ropv of a
Gaussian band 1 im i ted  t ime’ ser Ie ’s is proport ional to

~~~~~~ Bu rg, .1 .  P . , ‘ l a x I m u n I  ~ n t  r c ’;’:; ~ p - t r a 1  .~ n I ? t ? s i .S , presented at the’ 37th
An nu,i 1 In t erna t tonal Meet i ng • Soc • of F xp I or. Ge ’op iivs . • Ok 1 ,-ihoma C it v ,

• Oklahoma (1967),

~~
) R. ~~. Meflonough, M j x~ mu::t ut z c ~~~:~ ~~~~~ ~ ~a 1 ~‘roc c~~s inc7 ,~~~~ .~ rr~ q ~at.t ,

- • C.e’ophvsics 39 , p ~4 l—S j (l97.~),
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approach~~~
’’
~ . It has , however , been poi nted out by Makhou l that the -•

Bu rg method of calculating the re f lec t ion coefficients is only one of
a number of “suboptimal” solutions to the l a tt i ce  minimization prob—

~~~~~~ The comp lex formulation of the maximum entropy algorithm is
discussed in References 3 and 10.

SIMI.TLATION AND RESULTS

In the following simulations a linear array has been assumed having
31 eLements spaced one—hall wavelength apart responding to inphase mono-
chromatic signals genera ted  by two point sources. The inphase condition
was chosen because this is the most difficult condition to resolve. The
signals observed by each element are assumed to be corrupted by narro~~
band Gaussian noise which is independent between elements. After co-
herent demodulation the output of the n~h elemen t is

-i2~ k~n~x
z ’ ( t)  Y w

1
’ ( t)  e + n ( t )  (9)n 

~— l

where n (t) is the envelop e of tile complex noise added to the nth ele—
ment . ~he SNR ’s quoted in the remainder of this study are defined as
the ratio of the signa l power (generate d by one of the sources) to noise
powe r at the output of each element af ter  demodulation.

At each combination of SNR and target separation 50 data sets (with
independent no ise realizations ) corresponding to a single time sample of

(~ ) ibid.

(
~~> T .  J. Ulrych  and T. N. Bishop, Maximum Entropy Spectral Analysis and

Autoregressive Decomposition, Reviews of GeophYsics and Space Physics
- j 13, p. 183—200 (1975).

(8) H. R. Radoski , P. F, Fougere , and E. J. Zawalick, A Ccinparison of
Power Spectral Estimates and Applications of the Maximum Entropy
Method , J• Geop hysical Research 80 , p. 619—625 ( 1975) .

(9)
j• Makhoul, Lat t ice  Methods in Spectral Estimation, in the “Proceed-
ings of the RADC Spectrum Estimation Workshop ,” p. 159—173 (1978).

Texss Instruments, Inc., Technical Report No. 1, Advanced Signal
Process ing, ALEX ( 03 )— TR —7 S— O l , The M aximum Entropy Spectrum and
t, ,e Burg Technique, by T. E. Ba rnar d , 1975.

C)
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each of the N array elements were examined. Coefficients corresponding
to model orders 1 through 30 were calculated for each data set. Spectra
were calculated corresponding to model orders of 5, 10, 15, 20, 25, and
30. The reported angular separations were achieved by holding the bear-
ing of one target fixed and moving the second target relative to the
first. This was done so that changes in the response to one of the
targets would be related to changes in target separation and not
changes in target bearing. Only parameters of the array response rela-
ted to the fixed target are reported . Some definite trends were
observable in the results.

CHOICE OF MODEL ORDER

The estimation of the order of the appropriate maximum entropy
model hap been treated by a number of authors. Based on the results
reported~”> by Ulrych and Bishop , Akaike’s Final Prediction Error (FPE)
Scheme was selected in which the optimum value of p is chosen as that
value which minimizes the FPE given by

(FPE) = 
+ 

~ 
pp

Unfortunately, in this application the minimum of the FPE does not ap-
pear to indicate acceptable model orders. Typical results for the
average and standard deviation of the FPE over 50 data sets for model
orders 1 through 30 are shown in Figure 2. Two characteristics of the
FPE are quite noticeable. First , the variance of the FPE increases with
model order. This would appear to be related to the fact that the sta—
tistical stability of the estimated spectra decreases with increasing
model order. And second , the FPE has a local minima at below 10, is
relatively flat up to p 25, and decreases rapidly for p > 25. Based
on the average FPE, p — 30 would be chosen , however a comparison of the

• spectra obtained for differing model orders indicates that this is not
acceptable since both the number of spurious peaks and statistical vari-
ability of the resulting spectra increase rapidly as p approaches N.
Clearly if the calculated responses are to be meaningful both the num-
ber of spurious peaks and the statistical variabili ty of the response
must be controlled. This is particularly important when the responses
are based on single observations of the array outputs and no averaging
is performed . These pr oblems ar e more acute at low SNR because the
signal peaks are relatively smaller , but they can be significant even at
hig h SNR when p is large. Even the average spectrum may be of marginal
value when the model order approaches N. Figures 3a and 3b compare the
average (over 50 data sets) spectrum at an SNR of 7 dB for p 30, and
p • 15; clearly the spectrum is useless for p = 30 due to the number of
spurious peaks. At an SNR of —3 dB the largest model order producing a

~~~ibid.

(Text Continued on Page 11)
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use In 1 averages w~.s p — .‘O . ii~ aii v evt’ii C , i t  .C;~pea rs C hat l i t  C It .  I
ga (ned in terms e I reso I ut (on or boa r ing es t I ma C I on ac t %tra4 ’ v by elio~~ Ing

• P ’ ’ 0 .

j As in ord (n ary  spt’c C ra I ‘st  LinaC I 4515 , tin, ,q~ tj  I Va 1 ent inimbo r of
degrees I reedom o I t he :t r m v  response mar h~ ~~~~ I mat e•d .is

V - ‘
~ ~~~~~~~~ ~ ove r a l l  (10 )

H ~‘

where E (S (k s) ) and V a r  (S (k 
~ ~ rt ’ t ~~~ ~~~~ and var  I aitce ’ o I t ~~~~

. max! —
mum t ’nt ro pv array response . Tb Is quant it v prov ides a measur~’ of the
stat 1st teal stabt i t  C-v ot the response. !“i gume’ 4 ii lust mates the depen-
denc e of t it is quant it  v on t Itt’ mode I orde r win’ rt’ rh~’ degree’s of freedom
were t’5 t irna C od f rom th~’ tut’an and var I ance o I C he response over the 50
data se ts  t o y  the SNR and target st’parat ton indicated. ‘titt s behavior

• is typ i ca l  of the resu l ts  observed. It  Is apparent that the stat is—
t ica I v a r i a b i l i t y  ot the ar ray re.sponse increases rap idly as 

~
‘ ap—

proaciws N. There art ’ few C heoret I en I re sult s on Ito s tat  1st tea I
proper t Ii’s of auto regress ire spec t rat os t I mate ’s b r  compa ri son with
thest’ resul ts  • I t  has , however , been &On  e~• t ure d by i’arze’n ( 1970)  1 i 1)

• and demonstrated by K romer (I 9b9) 1 t hat ant ogregre~ s ive ’ modeled
s pect ra  I ost (mates art’ asvmprot I ott liv ( for Iar~e’ p and N with p N)
d i s t r i b u te d  w i t h  v N/p deg rees of f reedom UJ) . ‘I ’ht’ statistical at a—
hi If t v  of the observed resti It s Is eons i sten t  w ith Parzen ’ 5 conjecture
when 

~~ 
‘- ‘- N , but is I no reas tng iv less st tib It’ ns p approaches N as was

~ expected I ron the’ aavmptot to fl at ti re of t i le’ t heoret tea l result.

It was cone’ I ude’d from obse’rva t Ions that the heat combinat ton of
stat 1st ie ,tl stab! I t tv  and sourci’ resol u t  (on was obtained for p 10
a t  though p ‘ may be aeoe’ptab 1 e If the rt’so tnt ion requirements are not
str ingent . Choosing p — i / :i the ntimht’ r o C am may elements appears to he
a good start ing poin t  a I t  bough the ‘‘opt tfllum” olto let’ depends on the SNR ,

• ~ Parzen , E . , M u l t i  ear Ia  C e  r i me  Sc ’r i t ’’~ ~!o~I.’ I i n~i ,  In “Mult ivariate’
• ‘I’ ime 5cr I es Anti tvs Is i i  , “ . R. K I isbn I alt . I~d . , Academ ic p ress , New

York , 1970.

~~ Kromer , IC E. , Asqmptot  j~
. !‘r~ )per t I t ’s et the ’ Au to re ’,~ ~~ ~~ t’ctra 2

b:stinvt tom , Dtssertat ton , Dept. of Stat 1st los, Stan ford (Iniversi tv
19b9.

( ~> Cerseb , W • and 1.1 u , R • ~~. , Au torc ’~i r~ ~~ ~~~ Mo.Ie ’!  .‘Tht ’t ’ t ma I ~~S t 1CM —

e la n , Some Si mu 1,-i C I on ~~t u~I tz St a C in  I ~‘.i I P t ’: r~ ii~~:ie~ • kesu 1 t~~ , in
“Proceedings of the’ RADC Spec C rum )~s t (mat (on Workshop ,” May 1978.
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number of data records available, and the desired resolution, as well
as the nature of the data. It is interesting to note that the choice
of p 10 gives roughly the same stability as that obtained with con-
ventional beamforming with an unweighted aperture (conventional spec-
tral estimation with rectangular window).

.

BEARING ERROR

Source localization in azimuth is particularly important in many
app lications. It appears that the maximum entropy procedure provides
excellent bearing estimates when the source of I n teres t  is well sepa-
rated from other sources .

Source bearing was estima ted by locating the largest peak in the
vicinity of the known source location. Table 1 indicates the total nsa

TABLE 1

- 

- RIIS DEV IATION OF PEAK LOCATION FROM TRUE BEARING

RMS Deviation*
______________ 

Mode l Order 
_________

SNR (dB) Separation * 5 10 15

—9 0.7 0.5 0 .5
1.5 0.9 0,9 0.7
2.0 1.0 0.9 0.6

—3 0.2 0.2 0.2
1.5 0.8 0, 6 0. 2
2.0 1.2 0.2 0.2

7 0.1 0.1. 0.1
1,5 0.9 0.2 0.2
2. 0 0.1 0.1 0 .1

17 
— 

0.02 0.02 0.02
1.5 0.2 0.2 0.2
2, 0 0. 05 0.05 0. 04

*j~ multiples of X/D
**gingle source

U- ..- 
13
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deviation of the estimated bearings from the true bearing. The total
deviation error is a function of the model order, SNR , and target sepa—
ration. It tends to increase with decreasing SNR when the model order
is large and when the targets are not well resolved.

The total deviation error may be interpreted as consisting of two
parts: the bias or average error (over the 50 data sets) in source
location and deviations around this average. The bias is not s ignif i—
cant when: only a single source is present , appears to be relatively
unimportant for large separations, and tends to increase as the separa—
tion decreases. At high SNR the bias is the major source of error when

• multiple sources are present. The deviations a.~ound the average increase
as the SNR decreases and is the major source of error for SNR < 0 dB
(provided the sources are resolved). It is interesting to note from
Table 1 that for isolated sources the errors for p = 5 are not signifi-
cantly greater than for p 10 or 15. If resolution of multiple sources
is not required , p = 5 may be acceptable for source localization, and
as noted previously gives a considerably more stable response.

It is instructive to compare the isolated target results with the
Cramer—Rao lower bound on the m s  error given (in multi ples of AID)
by(l)

i /i+N (sNR ) /~~
0 =  ___

SNR 2ii~ N ’ —1

where Q is the number of independent time samples used in the estimate
(in this case Q = 1). The C—R lower bound is the limit for the per—

• formance of any estimator. For SNR ’s of 17, 7, —3 , and —9 dB the result-
ing C—R bounds are 1x10 2, 3x10 2, lx lO ’, and 2x10 1. The results in
Table 1 for p 10 are roughly twice the C—R bounds. This appears to
compare reasonably well with the results on maximum lik].ihood estimation
reported in Reference 1.

P EAK WIDTH S

Provided the targets were resolved , the 3 dB width of the response
to the fixed source was always much less than the response width for con-
ventional beamforming of 0.9 AID. Even at SNR = 0 dB and p = 5 the
average response width to a single source was only 0.5 A/D. The width

• increased as the SNR or model order decreased, and as target separation
decreased.

(1 )  ibid.

14
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It is interesting to compare the observed single target response
widths with those which can be calculated theoretically. The expres-
sion for the 3 dB response width f or maximum entropy array processing
may be obtained directly from the results obtained by Lacoss~’~~ in the

• time domain if the analogy between k and f is noted, and between ttx
and~~ t X

= ,r~~~ 2(SNR ) (11)

where k.~ is the 3—dB (wave number) width of the spatial response. This
is easily related to the angular width ~.8 since

k ‘1 sin Ox A

t~k ‘.+cos
~~

O (12)

2N 
(
A
)np (SNR ) cosO D - 

-

Table 2 compares the predicted and observed angular widths for the
three SNR’a when 0 0 (source located on the perpendicular bisector of
the array axis). Substitution of the appropriate model order predicts
widths somewhat less than those actually observed. This is not surpris—
ing because Equation (ii) was derived assuming exact knowledge of the
signal autocorrelations rather than estimates.

TABLE 2

BEAI1WIDTH COMPARISON

______________ 
Observed*

SNR (dB) p 5 — 10 p = 15 Calculated

17 8 x 10~~ 4 x 10~~ 3 x 10~~ 3.9 x 10 1/p2

7 7 x io 2 3 x iO 2 2 x io
_2 

3.9 x 10°/p
2

—3 9 10
_i 

3 x 10
_i 

5 io_2 
3.9 x 101/p2

—9 2 x 100 1 x 100 5 x 10
_i 

1.6 x 102/p2

• *j~ multiples of AID

(14)Lac oss R. T., Data Adapti ve Spectral Analysis Methods, Geophysics,
Vol. 36, No. 4, pp. 661—675 (Augus t 1974).

15
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It should be noted that while the resolution of a conven tional - 
-

beamformer is direc tly related to its response to a single point source,
this is not the case for maximum entropy processing since the algorithm
is nonlinear and super position doea not hold. It is somet imes stated
that the maximum entropy spectrum has no sidelobes . This can be mis-
leading since It applies only to an isolated source . There is, in fac t ,
a nonlinear interac tion between components as evidenced by the changes
in response width as a fu nction of target separation which leads to - 

-

problems similar to those caused by sidelobes in conventional beamform—
ing. Based on the observed single target response it might be concluded
that the “resolut ion” was many orders of magnitud e better than is actu-
ally the case.

Resolution is a difficult parameter to define for maximum entropy
spectra. When the target separation is small, it is often difficult to
determine if the observed peaks correspond to sources or are due to
noise. For the purposes of this study equal amplitude targets were con—

• sidered to be resolved when there was a dip in average (over 50 samples)
response of 3 dB between peak responses to the targets. In general , the
results were as follows: the minimum resolvable separation (MI(S) in—
creased as the SNR or model order decreased . The decrease in MRS with
SNB. may be partially compensated for by increasing the model order ,
however as noted previously, the number of spurious spectral peaks in-
creased rapidly as the model order increased. For model order 10 the
minimum resolvable separation (MRS) for SNR’s of 17, 7, —3 , and —9 dB

• were 0.7, 1.0, 1.5, and 2 AID. The MRS for model order 15 was only
slightly better while the MRS f or a model order of 5 was roughly twice
that obtained with a model order of 10. In cases where the reaolution
requirements are not extreme a low model order may be acceptable.

For comparison the minimum angular separation required at a high
SNR for the resolution of two equal amplitude in phase point targets
using conventional (delay and sum) beamforining if 1.4 AID . An exten-
sive study of the resolution of sinusoids is described by Marple

• (1976)~~~ ’. The average MRS reported is roughly one—half that reported
above~’~~. While there are differences in the signals (real versus com-
plex) and the methods employed , it appears tha t this discrepancy is
primarily caused by the differ ing definition of resolution used in the
current study.

I
(15)L. Marple Conventiona l Fourier, Autoregressive, and Special ARM?.

Methods of Spectrum Analysis, Engineers Disser tation, Department
of Electrical Engineering, Stanford University (1976),
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